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Abstract
We study the Geroch group in the framework of the Ashtekar formulation.
In the case of the one-Killing-vector reduction, it turns out that the third
column of the Ashtekar connection is essentially the gradient of the Ernst
potential, which implies that the both quantities are based on the \same"
complexication. In the two-Killing-vector reduction, we demonstrate Ehlers'
and Matzner-Misner's SL(2,R) symmetries, respectively, by constructing two
sets of canonical variables that realize either of the symmetries canonically, in
terms of the Ashtekar variables. The conserved charges associated with these
symmetries are explicitly obtained. We show that the gl(2,R) loop algebra





constructed previously in the loop representation is not the Lie algebra of
the Geroch group itself. We also point out that the recent argument on the




The Geroch group has been known, since his discovery in 1971, as a symmetry group
acting on the solutions of Einstein's equation [1]. Developing the early day's result on
the (actually two types of) SL(2,R) moduli in the presence of one or two Killing vector
elds [2,3], he showed that the symmetry of the solutions is enlarged to innite-dimensional
in consequence of the interplay between two dierent SL(2,R) symmetries. This result
was further developed as solution-generating techniques in terms of general relativity, and
several approaches to generate solutions have been subsequently evolved [4]. Among them
was shown the integrability of the Ernst equation [5], which determines the solutions of
Einstein's equation for stationary axisymmetric spacetime, by explicitly constructing the
Lax pair for this equation [6,7].
Some years later, particle physicists also became interested in the Geroch group, based on
the recognition that the emergence of the extra symmetry can be realized in the same context
as that of hidden symmetries [8] in the Kaluza-Klein reduction of supergravity theories. This
was motivated by the work of B.Julia [9], who showed in 1980 that the Lie algebra of the
Geroch group is in fact the
b
sl(2;R) ane Kac-Moody algebra. Moreover, he pointed out
the existence of the non-zero central term of this algebra even at the classical level, which
acts as a constant rescaling on the conformal factor of the zweibein in the resulting two-
dimensional eld theory. The group-theoretical structure was further elaborated [10] in
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connection with the non-linear sigma model, and the generalization to the Einstein-Maxwell
theory was discussed [11]. The reduction of supergravity theory was also explored as an
integrable system [12]. An evidence of a symmetry of a hyperbolic algebra was revealed in
the reduction to one dimension [13].
In canonical gravity, on the other hand, an important breakthrough was brought about
by A. Ashtekar in 1986 [14]. He found a new set of canonical variables, in terms of which a
drastic simplication occured in the canonical constraints. Making use of the new variables
allows us to write them in a polynomial form, and what is more, a large class of solutions
for the quantum constraints can be found by introducing the self-dual and the loop rep-
resentation [14] - [16], although the interpretation of these solutions still remains to be a
dicult problem. This formalism has been subsequently applied to spacetime with one or
more Killing vector elds (\mini-superspace") [17] - [22] ( [23] is an exhaustive reference list
for the literature related to the Ashtekar variable.).
One of the notable features of the model with Killing-eld isometries is the existence of
physical observables in the sense of Dirac. Associated with the hidden symmetry arising
through the reduction to lower dimensions, one may always have the symmetry charges,
which by denition weakly commutewith all the constraints. This would be helpful for better
understanding of both classical and quantum gravity, since, no such functional is known in
the ordinary four-dimensional gravity theory, except for the constraints themselves. The
cosmological model with a closed space manifold which allows two commuting Killing vector
elds has been known as the Gowdy model [24]. The Ashtekar formulation was applied to
the three-torus topology model, and a set of operators which forms a GL(2,R) loop algebra
are constructed in the loop representation [19]. It was conjectured that this loop algebra
b
gl(2; R) would be related to the Geroch group. One of the aims of this paper is to clarify
this point.
We rst consider the one-Killing-vector reduction, and show that the complex Ernst
3
potential is a \natural" variable in the Ashtekar formulation. One of the distinguished
properties of the Ashtekar connection is its being a complex canonical variable. This requires
the reality condition in order to recover the ordinary general relativity theory. On the other
hand, the complex nature of the Ernst potential is originated from the complex structure
of the target space of the coset non-linear sigma model (the upper-half plane in our case),
which arises through the dimensional reduction of Einstein's action. Rather unexpectedly,











are real (or pure imaginary) function (not a \real-valued"
function, of course) of the Ernst potential. In this sense one may say that these two kinds
of complex variables are based on the \same" complexication. Another reason why this
relation is non-trivial is that, on the course of reduction, the Ernst potential is dened only
after the duality relation is invoked; the Ashtekar connections are so constructed that this
step may be already included in its denition. As a consequence, A
za
(a = 1; 2; 3) transform
in a simple manner under Ehlers' SL(2,R) transformation, known as one of two SL(2,R)
subgroups whose Lie algebras generate the whole
b
sl(2; R) through the Serre relation.
We then go further to the case of two-Killing-vector reduction, and examine howMatzner-
Misner's SL(2,R), which is the other SL(2,R), is seen in this scheme. We will see that
the GL(2,R) charges in ref. [19] act as a product of this SL(2,R) and the center of the
Geroch group. We will also show, however, that the GL(2,R) loop algebra constructed in
the loop representation does not contain Ehlers' SL(2,R). Therefore it does not coincide
with the Lie algebra of the Geroch group itself, but is something else. To realize Ehlers'
symmetry canonically, we are forced to work with canonical variables obtained through a
non-local canonical transformation from the original ones. This is in some sense expected,
since a similar diculty has been known for a long time in a chiral model, which is a much
simpler system than the present one, when one realizes canonically the non-local Kac-Moody
symmetry [25].
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The plan of this paper is as follows. In Sec.II we review the two dierent SL(2,R)
symmetries of the reduced system which allows the presence of two commuting Killing
vectors in spacetime. In Sec.III we consider the reduction from four dimensions to three.
First we describe the general settings for the U(1) symmetric spacetime in Subsec.III.A,
and comment on the integrality condition considered in ref. [26]. The relation between the
Ashtekar connection and the Ernst potential is revealed in Subsec.III.B. We prove Ehlers'
SL(2,R) symmetry in the framework of the Ashtekar formulation in Subsec.III.C, and derive
the conserved charges in Subsec.III.D. Sec.IV is devoted to the study of the reduced model
from four dimensions to two. Matzner-Misner's SL(2,R) symmetry is demonstrated and
the associated conserved charges are obtained in Subsec.IV.A and IV.B, respectively. In
Subsec.IV.C we show that the GL(2,R) charges in ref. [19] act as a product group of Matzner-
Misner's SL(2,R) and the center of the Geroch group. In Subsec.IV.D we examine whether
or not the loop algebra of ref. [19] includes Ehlers' SL(2,R), and see that it does not. Finally
in Sec.V, we conclude our result, and comment on the recent argument on the equivalence to
a chiral model [27]. We point out that the resulting linear system for the at-space SL(2,R)
chiral model is a consequence of a gauge-choice which can not be achieved generically.
In this paper we have to group the spacetime and the Lorentz indices in varieties of
ways. Throughout the paper we use the following notations. The capitalM;N; : : : stand for
the four-dimensional spacetime indices ft; x; y; zg, and m;n; : : : for space indices fx; y; zg.




; : : : represent the reduced three-dimensional spacetime
indices ft; x; yg and ; ; : : : do the two-dimensional space indices fx; yg, while z is taken as
the direction along the Killing vector. In the two-Killing reduction, ~m; ~n; : : : range over the
reduced two-dimensional spacetime indices ft; xg, while m; n; : : : are used for the \compact-





: : : , ; ; : : : , ~a;
~
b; : : : , and a;

b; : : : run over f0; 1; 2; 3g, f1; 2; 3g, f0; 1; 2g, f1; 2g,
f0; 1g and f2; 3g, respectively. We will sometimes repeat this denition of those indices
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if needed in the subsequent sections. We take the signature of the metric as (  + ++).














= +1, respectively. We restrict ourselves only to the case in which all the Killing vector
elds are space-like in this paper.
II. EHLERS' AND MATZNER-MISNER'S SL(2,R)
In this section we review the Killing-vector reduction in the Lagrangian formulation,
and explain the basic two SL(2,R) symmetries arising as a result of the reduction. Let us
rst consider the reduction from four dimensions to three by introducing a Killing vector



































where all the components are assumed to be independent of the z-coordinate. This metric







































































































































































Here B is the Lagrange multiplier, and
1
2















































































for any real numbers a; b; c; d. Since the simultaneous scaling on them obviously results in
the same transformation, we may impose ad   bc = 1. Naming after the seminal work of
J. Ehlers [2], we will call this symmetry \Ehlers' SL(2,R)". Z
(E)
is related to the so called
Ernst potential E [5] by E = iZ
(E)
.
It turns out that another SL(2,R) symmetry arises if we further reduce the spacetime
dimension from three to two by introducing an additional Killing vector eld along the y












































Here we have taken the conformal gauge for the zweibein of the reduced two-dimensional
eld theory. It was shown by R. Geroch that, if one would like to have innite-dimensional
symmetry, one must assume some two constants to vanish [1]. The easiest way to satisfy












. Evidently, it is essential that the metric can be recasted in this






being commuting Killing vectors.
It is also clear that the Killing vectors are hyper-surface orthogonal. By this choice the




























We may, on the other hand, perform the dimensional reduction from four to two directly.

































































under which (11) is manifestly invariant. Following ref. [9], we call this \Matzner-Misner's














; $ ; (13)
which was found by D. Kramer and G. Neugebauer [29].
R. Geroch noticed that the innitesimal transformations of these two SL(2,R) are not
commutative on the solution of Einstein's equation, but generate innitely many dierent
solutions by their successive applications [1]. In fact, this is isomorphic to the ane
b
sl(2; R)
algebra [9] (See also Subsec.IV.C for further explanations.). We will study in the subsequent
sections the structure of the realization of these groups in the Ashtekar formulation.
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III. KALUZA-KLEIN REDUCTION TO THREE DIMENSIONS
A. U(1) symmetric spacetime
As seen in the previous section, the rst symmetry, Ehlers' SL(2,R), already shows up
at the stage of the reduction from four dimensions to three. Let us examine in this section
how this is seen in the Ashtekar formulation. Although we would like to discuss its local
transformation property in this paper (since even this does not seem to have been studied
in detail before), we begin with describing a slightly more general setting for the topology of
our spacetime that admits one Killing vector eld. This allows us to x our notations and
to comment on Moncrief's integrality condition [26].
Our starting point is that we assume the spacetime to be a direct product of a total space
of a U(1) principal bundle  and time R. The base manifold
e
  =U(1) is assumed to
be a compact, connected and orientable two-dimensional manifold. The ber of the bundle
is topologically S
1
, and the Killing vector eld assumed to exist is tangent to the ber.
Geroch's fundamental requirement for the reduction to three dimensions is thus satised by
this U(1) gauge symmetry (of the bundle). When we discuss the reduction to two dimensions
in Sec.IV, we will consider another Killing vector eld on the base manifold
e
 in addition
to the one above.
We next introduce the U(1)-adapted coordinate (t; x; y; z). Let t represent time and
(x; y) be a local coordinate system of
e
 on each local patch. z is a coordinate of the ber so
normalized that the Killing vector eld is written as
@
@z
, and 0  z  2. This means that
all derivatives with respect to z are zero for any eld that appears in the present model.
As usual in the ADM formalism [30], we take a vector normal to the Cauchy surface 
at each point with respect to the given metric g
MN
, M;N = t; x; y; z. This induces a three-
dimensional metric h
mn
, m;n = x; y; z on . h
mn




, which induces a two-dimensional metric h
0































































































































































































































Here the Lorentz frame indices A;B; : : :, a; b; : : : and ; ; : : : take f0; 1; 2; 3g, f1; 2; 3g and
f1; 2g, respectively. N
03
is sometimes denoted by B
t
in this paper, when it is more appro-
priate to be regarded as a part of component of the Kaluza-Klein vector rather than as an























where we use m
0
= t; x; y and a
0
= 0; 1; 2 as the reduced three-dimensional spacetime and









































































































































































































































































Due to the assumption that we consider the U(1) bundle, the 1-form






















be its local patches covering each hemisphere
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at the equator in common. We parameterize this S
1






for some ' at the equator, satisfying '( = 2)   '( = 0) = 2n, n 2 Z. This integer,
referred to as rst Chern class, characterizes the U(1) bundle under consideration. A closed
two form  obtained by pulling d back to the two-dimensional base manifold
e
 must satisfy




 = 2n; (24)












) = 2n: (25)
It may be easily noticed that this is nothing but the quantization condition of Kaluza-Klein
monopole [31] (Here this is nothing but the Dirac monopole; see, e.g. [32]). Indeed, the
integrand of (25) is just the Kaluza-Klein \magnetic" eld, whose total ux is determined
by the cohomology class of the transition function (23) characterizing the bundle. This is
the simplest example of the known fact that the solitonic solution of the Kaluza-Klein eld
is classied by 
1
(rst fundamental group) of the isometry group generated by the Killing
vector elds [33]. The number of \monopole charge" controls the topology of spacetime; for








if monopole charge is
zero, and S
3
if monopole charge is one.




The possibility of transition between the two U(1) bundles with distinct monopole charges is
examined in ref. [34]. The appearance of unphysical singularities after Geroch's transformation is
discussed in refs. [35].
12
transformation, but restrict ourselves to focusing on only local properties of the Ashtekar
connection under the transformation.
B. The Ashtekar connection and the Ernst potential
In order to clarify Geroch's symmetry in the Ashtekar formulation, let us rst express
the Ashtekar connection using the parameterization (17). We follow the notation [36] for















































. The symmetrization and the anti-symmetrization are the
ones of strength one. 
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To express these formulas in terms of the Ernst potential E










































































where  depends on the choice of the sign in (26). The third column of the Ashtekar
connection is therefore nothing but (essentially) the gradient of the Ernst potential. What
may be a remarkable thing is that the Ashtekar connection is readily complexied and
partially dualized (in the sense that the second term of the Ashtekar connection has a
factor 
abc
) to give directly (the gradient of) the complex Ernst potential. This is the rst






































where a; b; c; d 2 R and ad  bc = 1.





































































































































































































































































































































































Their explicit dependence on B

shows that they transform non-locally under (32). We will
see, however, that such B

dependence will be drop in all the st class constraints.
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Comparing (29) (28) and (33) (34), we nd that the following relations hold without

























These relations will turn out to be useful in a moment.
Before concluding this subsection, a comment is in order. We have succeeded to relate
the Ashtekar connections to the Ernst potential with the help of the duality relation (5),
which is originally a solution of the eld equation of B
m
0
in the Lagrangian formalism.
Therefore, in the framework of Hamiltonian formalism, we have to make the origin of this
equation clear. As shown in ref. [26], a part of the relations can be obtained by solving the


















is treated as an independent canonical variable, whose transformation rule should be imposed
on itself. We will elaborate further on this point in the next subsection.
C. Ehlers' SL(2, R) symmetry in the Ashtekar formulation
We will now show Ehlers' SL(2,R) symmetry of this model within the framework of
Hamiltonian formalism. In the Hamiltonian formalism in general, we have to clarify the
following two points to prove a symmetry of the system. First, we must show, of course, the
invariance of the Hamiltonian (which is zero in the context of gravity) and the constraints
under the transformation. Second, we have to make sure that the new variables resulting
from the action on the canonical variables again satisfy the canonical Poisson algebra. We
16
do not directly take these steps, but rather we will do it alternatively in the following way:
we rst look for canonical pairs which transform in a simple way under the transformation,
show the invariance of their Liouville form, and then we rewrite the constraints in terms of
these new canonical variables and see the invariance of the constraints. The advantage of
this approach is that the second point we mentioned above is automatically guaranteed by
the invariance of the Liouville form, and also, of course, that the invariance of the constraints
is expected to be seen more neatly in terms of these special canonical variables than the
original ones, which transform in a non-trivial manner. Ehlers' SL(2,R) invariance is already
shown in ref. [26] in this way in the ADM formalism. In this paper, however, we will use
the Ashtekar formulation here, in which the Ernst potential and its complex conjugate will
naturally arise as such canonical variables on which Ehlers' SL(2,R) acts as a linear fractional
transformation.






















































is the Lorentz constraint, while H and H
n
are the Hamiltonian and dieomorphism

























become second class, while other constraints still remain rst class. Solving (48), A
3
are
























We may use this equality in the strong sense to eliminate A
3
in what follows.
We next consider C
z





































where we used (49) and the assumption that any eld does not depend on z-coordinate.
Now let us assume here that we have imposed any gauge-xing condition on the z-coordinate
dieomorphism degrees of freedom, so that the constraint C
z
is already of second class and





















as was done in ref. [19]
2
. In any case, one may easily verify that the constraint C
z
together






was also set to zero to x C
y
in ref. [19] since they considered a two-Killing reduced



























In fact,  is nothing but (locally) a half of the Ernst potential:  = E

=2 ( depends on
the choice of the sign in the denition of the Ashtekar connection (26)), as can be checked
by substituting (29) into (55).
In the ADM formalism, the dieomorphism constraint of z-coordinate amounts to a
requirement that the B

eld should be divergence free [26]. This can be similarly solved
to ensure that the B

can be written as a Hodge dual of the gradient of B
3
, which is an
imaginary part of the Ernst potential. In our case, we have used complex the Ashtekar








be divergence free, being led directly to the
complex Ernst potential. Hence, in that sense, both the Ashtekar connection and the Ernst
potential are complexied \in the same way".






























































B for some B. This may be obtained by setting a
0





































B is denoted by
e
 in ref. [10], and ! in ref. [26].
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On the other hand, the equation for the xy-space rotation of B

can not be derived by (55),
but rather such a eld is contained in the degrees of freedom of canonical momenta, whose
transformation rule should be independently imposed.
Let us now look for \good" canonical pairs for Ehlers' SL(2,R). Since we would like to
take (= E

















































































where the equalities hold up to total derivatives. r is dened by (43) in the previous section.





















































The relation (60) can be immediately shown from (28). Since the rst two terms of (61)
give their imaginary part, the total Liouville form is purely imaginary. The new canonical















). The Liouville form (61)

























































This is Ehlers' SL(2,R) transformation in the Hamiltonian formalism. What we have seen
here is that we could take the Ernst potential and its complex conjugate as canonical vari-
ables (although we have used its half  actually to avoid the appearance of the factor 2





. The complex conjugate eld has naturally appeared to give manifestly pure
imaginary Liouville form and, as we see below, the constraints. These phenomena also re-
ect a nice structure of Ehlers' symmetry in the Ashtekar formulation. This transformation
is generically non-local with respect to the original Ashtekar variables.
We will now write the rst class constraints in manifestly invariant forms in terms of the






















































































There appears no F
























































































































The last two terms of (65) are trivially invariant (Note that !
(f)
12





























Thus the expression (65) is invariant under Ehlers' SL(2,R) transformation (62). (65) is
independent of the sign choice of the Ashtekar connection.
The dieomorphism constraints C






































Finally the Lorentz constraint G
3












This completes the proof of Ehlers' SL(2,R) symmetry in the Ashtekar formulation.
D. Conserved charges
It is now easy to calculate the conserved charges associated with the invariance under









































, which we may read o from (62). We have
h
(E)








































































































It is an easy exercise to check that their Poisson bracket algebra satisfy the commutation
relation of sl(2,R). We may also verify that these conserved charges coincide the ones ob-
tained in ref. [26] up to trivial constant factors. We will see in the next section that the
conserved charges associated with Matzner-Misner's SL(2,R) can be expressed precisely in
the same form as above.
IV. REDUCTION FROM FOUR TO TWO DIMENSIONS
A. Invariance under Matzner-Misner's SL(2,R)
To reduce the spacetime dimensions to two, we introduce another Killing vector eld on
e
. Since we do not discuss the global applicability of the Geroch group, we simply assume
that we may take a global coordinate y such that
@
@y




necessarily be compact. We adopt the same gauge-xing condition as was set in ref. [19] to













= 0, which are now of second class. The solution












































= 0 to distinguish the coordinate of the U(1) ber.











It turns out that these equations arise no further restriction on the Lagrange parameters than

































































where we also wrote their parameterization suitable for the description of Matzner-Misner's





























































In the similar way we have done in the previous section, let us rst write the Ashtekar






















































































otherwise = 0; (81)







































































We use the notation e
a
m
for the lower right two by two block of the dreibein, following ref. [10].
This is, of course, no complex conjugate of anything.
25





  for simpler notations (but will leave f
1
x
as it is, to remember
that it belongs to the \uncompactied" sector, on which the center of the Geroch group acts













































































































































and  stands for i in the denition of the Ashtekar connection (26). The expression (83)











































Recalling (13), we see that they are good variables to describe Matzner-Misner's symmetry.























f(++) + ( +)  (+ )  (  )g: (86)
A
y2

















































































































































where we have used






which can be shown by the relation (80). Although the rst three terms of (88) are good












 . If one looks at the expression of Ashtekar's connection (83), one may guess what


















































By this replacement the rst two terms of (88) read





















































































































































































































































































































































































































































































correspond to the Ernst potential and its complex conjugate in the case of
Ehlers' SL(2,R). The Liouville form (92) is manifestly invariant under the transformation
(94).
Let us rewrite again the constraints into manifestly invariant forms by using these canon-





































stands for the covariant derivative with respect to the Ashtekar connection. The























 f( +) + (+ )g
i
: (96)


















































































































































































































































































which is clearly invariant under Matzner-Misner's SL(2,R) (94).
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B. conserved charges
It is also straightforward to calculate the conserved charges for Matzner-Misner's
SL(2,R). Corresponding to the generators of sl(2,R) (70), we may in this case write














































































































































These expressions are completely the same as the ones in the previous section if one replaces
(; p











), respectively. This is a consequence of Kramer-





Note that the conserved charges for Ehlers' SL(2,R) are still given by (73) if the integration
is performed in the one-dimensional coset space, since the further reduction from three to two
dimensions aect only the invariant sector for Ehlers' SL(2,R).
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It is not a coincidence that both of the conserved charges (73) and (104) consist of a
part of realization of the classical w
1
algebra [37] in terms of canonical pairs. It is known
that, in general, if one has a canonical pair (q; p) with a Poisson bracket fq; pg = 1, one










(l  1; n   l+ 1): (105)













known as an algebra of the area-preserving dieomorphism. Indeed, the canonical transfor-




is then the generating function of the canonical transformation. This algebra con-
tains \half" of the Virasoro (Witt) subalgebra (L
n















g. Both conserved charges (73) and (104) are diagonal sums of sl(2,R) generators made
out of two sets of canonical pairs. Both for Ehlers' and Matzner-Misner's case, we have
succeeded to take two canonical pairs, only on which the sl(2,R) in question act as canonical
transformations. Therefore, the algebra generated by the symmetry charges is necessarily a
subalgebra of the canonical transformation on these two canonical pairs, and this subalgebra
contains the diagonal w
1
algebra as a special case. What we have observed here is that the
diagonal sl(2,R) in this diagonal w
1
realizes the symmetry algebra.
C. GL(2,R) in [19] and the central extension in the Geroch group
In ref. [19] a set of conserved quantities was found in the two-Killing reduced Einstein












( m; n = y; z, and a runs over f2; 3g). The Poisson brackets between two of these quantities
form the gl(2,R)  sl(2,R)R. Let us examine to which symmetry this gl(2,R) corresponds
in the Geroch group. In fact, these conserved charges in the sl(2,R) sector are precisely the
ones associated with Matzner-Misner's symmetry
6




















commutes with any of these elements. Using (80), (87), (86) and (89) and integrating by
parts, it is straightforward to check that the conserved quantities (108) precisely reproduce
the conserved charges (104).
The rather complicated look of the conserved charges (104) is in fact an artifact of the
gauge-xing (78). Indeed, Matzner-Misner's symmetry can be seen as a symmetry that








( m = y; z; a = 2; 3),
















2 sl(2,R). If we take X
m
n
=  h; e; f dened in (70) (The minus sign for h




.), the conserved charges associated with the
invariance under these variations, which can be veried in the expressions of the constraints
in ref. [19]
7
, are nothing but the conserved quantities (107) obtained there.
6
This fact has been already pointed out by H.Nicolai [12].
7




(corresponding to the index \" in ref. [19]'s notation)






What role does the trace of the gl(2,R) play in the Geroch group, then? To answer this
question, let us rst recall how the two sl(2,R) Lie algebras are combined to give the ane
Kac-Moody algebra [38]
b
sl(2;R). The ane Kac-Moody algebra
b





































] = 0; (110)





































] = k  H
0
: (111)



















































) = 0 (113)
for i 6= j, where the Cartan matrix A
ij















One may dene the
b
sl(2;R) algebra as a Lie algebra generated by any successive multi-
plication of commutators satisfying (112)(113). The set of (112)(113) is called the Serre
relation.
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It has been shown that (the Lie algebra of) the Geroch group can be obtained by making
use of two sl(2,R) algebras, one of which is Ehlers' and the other of which is Matzner-
Misner's, as the ones required in the Serre relation. One of the interesting features of the
Geroch group is that it realizes the central-extended
b
sl(2;R) algebra even at the classical
level already. Usually, a central term such as in (111) arises as a consequence of anomaly in
quantum eld theory. Here the situation is dierent; identifying the two sl(2,R)'s as the ones
corresponding to the two simple roots of the
b











then acts non-trivially on the elds, although we are still considering classical gravity
theory.




















() =  2; h
(E)










() =  2; h
(E)
(B) =  2B: (116)
Hence, in the present two-Killing reduced model, it acts on the parameters in (78) as
h
(E)
() =  2; h
(E)







() = 0; (117)
where we have used the relation (57). We also know, on the other hand, the h
(MM)
action
(102) on the parameters (78), which reads
8
The Virasoro algebra generated by the Sugawara form of this
b
sl(2;R) should not be confused
with the Virasoro subalgebra of the w
1
in the last subsection. Obviously they are dierent things.
In particular, the latter has only the half of generators L
n
for n   1 and hence the \central
extension" has no meaning.
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h(MM)
() = +2; h
(MM)










() = 0: (118)







; k() = k( ) = k() = 0: (119)
Therefore it causes a scale transformation only on f
1
x
without doing anything on the other
parameters. This conrms the known fact that the central element acts as a rescaling on the




















) = 0; (120)
where ( m; a) 6= (y; 3) in our gauge. We thus nd that the central element k acts as a scale














Let us go back to the question of the role of the center in the GL(2,R). From the analysis
in the previous paragraphs, it is now obvious that the action of the trace of gl(2,R) (107) is





's from the action of the trace of gl(2,R) can be achieved by taking X
m
n
in (109) to be
the identity matrix.







































































































































g = 0: (123)
To summarize what we have shown in this subsection, the (nite, non-ane) GL(2,R)
symmetry found in ref. [19] is indeed a part of the Geroch group, where the SL(2,R) and
the trace sector correspond to the Matzner-Misner's SL(2,R) and the central element of the
Geroch group, respectively.
D. GL(2,R) loop algebra?
Finally, let us discuss the relation between the Geroch group and the GL(2,R) loop
















The x-coordinate is compactied into S
1



















denotes a 2 2 matrix in which only the (n; m) component is 1 and
otherwise 0.
It was speculated [19] that the loop algebra generated by (124) might be related to




Matzner-Misner's SL(2,R) and the central element of Geroch group. Hence the GL(2,R)
loop algebra indeed includes Matzner-Misner's SL(2,R). Does this GL(2,R) loop algebra
also includes Ehlers' SL(2,R)?
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In fact, this is not the case. This can be seen as follows. First, let us examine the Serre
generators among (124). The basis of the
b











]; k 2 Z: (125)









































The rst set is Matzner-Misner's SL(2,R) as we saw in the last subsection, while the second
one does not correspond to the conserved charges for Ehlers' SL(2,R) (73) which acts non-
locally on the Ashtekar variables.
Another reason to believe the absence of Ehlers' SL(2,R) is that the
b
sl(2;R) dened by
the traceless generators of (125) has vanishing central charge. Basically, the ane Kac-
Moody algebra constructed as a loop algebra has no central term until a cocycle term is
introduced [39]. Here, as we have seen in the last subsection, the central element of the








], but such a term never
results from any commutators between the two generators of (125). We are thus led to the
conclusion that the GL(2,R) loop algebra generated by the operators (124) is not the same
as the Lie algebra of the Geroch group itself, but contains only Matzner-Misner's SL(2,R)
and the central element of the Geroch group as its GL(2,R) subalgebra.
V. CONCLUSION AND COMMENT
We have studied the realization of the Geroch group in the Ashtekar formulation in
this paper. Our rst observation was the relation between the Ashtekar connection and
the Ernst potential. In the history of the gravity theory, the discovery of the former has
37
brought us a chance to construct a consistent quantum theory, where its complexication
is unavoidable in order to achieve the simplication of the constrains. On the other hand,
the latter, introduced long before the discovery of the former, plays a central pole in the
integrable Ernst equation, where its complex nature is the one inherited from the complex
structure of the target space of the sigma model. There seem no reasons that they are
necessarily related, and that makes this coincidence interesting.
We have constructed for each case of Ehlers' and Matzner-Misner's SL(2,R) a set of
canonical variables that realize canonically either of them, but could not nd the one that
realizes both at the same time. To realize the rst one, we are forced to use canonical vari-
ables which are non-local with respect to the original ones. Diculties to realize canonically
the full Geroch group may be guessed from a known example on the canonical realization of
the non-local symmetry in a chiral model [25], which is much simpler than the present one.
We have shown that the action of the GL(2,R) charges constructed in ref. [19] corresponds
to a subgroup of the Geroch group, i.e. the product of Matzner-Misner's SL(2,R) and the
center of the Geroch group. We have further examined whether or not their GL(2,R) loop
algebra contains Ehlers' SL(2,R), but it does not. This can be seen either by comparing the
Serre generators with the Ehlers' SL(2,R) symmetry charges, or by noticing the absence of
the central term in their loop algebra. Therefore their loop algebra is not the Lie algebra of
the Geroch group itself, but something else.
Finally we would like to comment on the recent argument that the two-Killing reduced
model has the same linear system as the one for a at-space chiral model [27]. However, the
derivation is based on an unusual gauge-choice, which in fact can not be achieved generically.
















































are also set to zero similarly to Sec.IV. At this



































the author of [27] was led to a linear system of the at-space SL(2,R) chiral model. However,
in reality, the gauge-choice (130) can not be achieved generically. Indeed, the Lorentz
rotation generated by G
1
can not aect the determinant e, the lapse N nor the shift N
x
.
Hence we may employ only the other two gauge degrees of freedom to x three independent
elements of the vierbein, which is not be achievable in general unless the spacetime is at
from the beginning. Therefore the argument of ref. [27] does not show that the two-Killing
reduced model is equivalent to a at space chiral model.
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